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In the usuaI trcatmenl o* ,lwermlz spaces, the a]~e~relic ,;hleCi ~l,~oli~tcd ~1~ ~ ~vcr i<, i 
conj i  gacy class of ~ub~roups eft ii e fullt l~mc'nl:l l  l~rfil, l~ ,,f lhc 171r~ 'i qpllce J- it , '}:c Jt'IZrCc 
covel~, one c(,uld as easily cho,~e ~he al~elwaic l~bjctl  i~ be n cllg~ ~I l,gtl~*)m*lri~l , ' ,n  fr ,m lh~ 
ftll ld 'rnelliiJI ~rl)up <~f /he I;~ <zet qpace le~ lhe ~vl~lmeirJc t~r,~llp r)r .t i ' l lerg,  ~':, r, ,' i<, 1',,i, 
tlcTre~ i l l  l!'e cl~t'er A tlc~c il l l i(, l l  i l l  illj~ ,f, prc~erlt~l¢ll~ll tip t ul l l l~ ~[i ,1:~ i, n '1 l] i, Itli1 
piglcr Fhel~ Ihc pcrmll l ' , f ikm l't)]li!r~7 ",~l~!llrli''Dl il~u~d hi the IlCi : , l ' i l l i l ' l l  11!lTIp'' '1 'I'111XCll I 
I l l  7r;~ph ;Hid ~tllf i l:7 Cfl'dt'f~ d,' , , ibud irl If, I i~ ~ll<mcd r4'4 rl 17~7;111~ ,if <l,,il;,il/l~ in  <1~ F: 
lltHl]llll11117;Jcnl I lslrl~ Ihi~ iec~+ ' 1llTI!l!lll~ ;11 > ff~V< l) flkr CIIlIFIIill 7 tIP ; ['11]171 rll 'lDrlt'<l I 
t l l l l l[ l<ll l{'l l l~ I11 ihe el. I ,  ,rile'It'll c'llxTr illld fill dt'lurrllillil~l~ I11{, t,r ivrll;tl,ilil+¢ i f  lh~ ', F, i, ~ lv ,  
In ~tdtlilitlll, il if ,'!,4eltt,iI Ihilt el't:fv i~r~llt Iil:ll f!lrfllr t' c,,l,t,~ < iii l,i- tr,ldclrlll loll I~v [~c I' l l r}l~ Irll~ 
l illtrlrl(lul2~lOII 
I t  ti~l'~ hcet l  ~ jh~e~ved by  A lpet i  ~l!ld ( I ro~ I t l  I I I~t Ihc  , { l I l t ' I l l  IV4gI~lll]l i3N: q~ 
1110 ¢t l l l e l l I  ~ i lp} i~ ti!l~2d i l l  Ihe  p i ( - i l f  ~i~ lPic" l ie!v ,u , I ,~d k 'b! l '  k , l l i l l ! l l t  "I il!-i~i'~!0! qll:l% 
be  ','le,,~¢ed Iv, E~ ~eF i t lg  l f f  t ie f ] l l l l 1~ I t f f l twh l J ( l  iA19cqq l le l l ,  vi~¢l! q( l l i~l l :c~. '}~i~, 
~d~ret91dh111 le i l t l  li~ ~i lie%xeht11111Lgli l i f  il ~,el11~l-~tl h~, i l lV  ~il ( I I I  t ' l l l  ~,~!f~,il ~, ] , ! j  I r!! 
~ l l lp f i~  ill~,iTfl',/~ I~HI(I IwI~tl  iI f:elLtll11! Lff lV~fJ l l~ t~lli lee: I l !~  9111111~e ~i - iqd l  l / ! l l~ l l l k : ! i  I 
h~l~a~i.'W~: hi i~ h[~(' l l  ~elWf:Itli,#(~( i !,~ il j~c i i l lH J l l l l i l i l l  ~,lll lri[I¢- i : l l f l~ l l lw l J ,  ~I !~II NJi: h 
'1~1]~ l ! l l l l t~ l l l  I~!'II1~11 ~<(l l l~l l l l t~l i l l l L  vtt l t l l i l .~ ~! ! l | l l l  O I I l~t l : l l t~ l i i i tL  i l i l l l  0~ l l l ! l !  i l l l  II 
V I l [ l l l~  t ' l i l l~t l : l lU l i i l l l  ~lll I~1't1(1117~ t '~lV#l i l l l~ ~f i l l~l l~ whi lh  t! I i lV hi!  I t~lrt i t l l l l~lt< d
l lh l~  I(I t ' t / l i l ; I  l h~ l i t l l l l t '~ l "  ( l l  ~ I[ l l~l l l l l i~l l l l~ [1! p t l r l i~ l th i l ,  it i~ dv~i i l~ ~!~: I l l  kli~,'u 
vh~l l  111~ ,al iv l~ri l l [ t  t~t i lp l l  i~ i : (~ l l l l~n lv l l ,  A i l l u lh l l l )  l f i f  U~l l l l l t i l lE  I ! '  I~l~l l l l~'r  i , f  
t z l t l l l p l l l l i ! l l h  in  lht~ vovt~r l l lg  Ll i ' t l i )h I~l~l ihl la~d f l l l l t l  ~1 l ' l l l l~ l l l l  i t t ,~i l l l l ! l l i  ~ I i~ ItiI Vl l  i, i 
!21. IUlll~ I l l  Iht~ i l l l~i l l  l '~u l l~  I l l  fNh  l~t ip~r i~ i1 n ie lh i ld  I : l r  c l l l l n f i l i 7  1 ; '  , : l J t i l i l l l n~, l~ .  
in  lh l !  ~'ll~,,¢q ( i f  ii l l~ ' rn i i l l l t t i l i i l  t< l i l l l Tn  l ! r t iph  
If it l l~ l l l l ! l l l l l i , l l l  v i l l~ i~ t l r i tp i l  ;~ hnh~dded in  ii i i : l l l i i r i e l l l t l l~h~ f i i l f ! i i<'t  >, ~b.. ii l l l ,s 
cliV~,l' i l l i~ l~lll[~lc~3 d i~ l i f f l l l i l l i l d  h~ i!i~ l l~ f l l l t l l i l l i i ! l l  tl~li~fln]14111 i i l l i  V hu' i l l i dn l~ l i l l v  ,i 
l l ( i l lor i0111<iHe,  i f  fh l~  i~ tllil117 t ; i~ I l l~r i l l l l l t l l h l l l  v;lllll<C~u i l~i l411l l l4J i l :  h i  fd~il l i i l ,  
* "111(; f~l l t i~ pWSL'IIICd lil Ii11~ p~ipnr f , i l l  i, l i i l i l  I l l  III~ ~.lllh~l'~ lql i )  I"t%rh ~i i I ,  "1 .if Vl l f l l le lbl l ,  
I J l f iwr~i ly i l l ldcr Il ln diructi~m tff pioft~l~ ~r ~vl~rri~ I r'Vlttrx 
I I 'H I  
t nhudd l l l~  hi n~iii*rlenl~d~lu ~l~rhlce~. Ihen il I~ de~Jr~lhle 1!, he Ih le to loll the 
II!!ellhLhilJl~/ (l[ lhe cuverJtl~ ti~um ~lII ~lh~el'vtllhll! Ill !he j lel l l! l l lt l l i ( l l l  IIq~J~lilllel]t, 
111111 I i l ,( l ihct Il l lhe 1!!~1111~ II1 thl~ plllt~r ~lw~ ~Llch ;I l l lel| l l)d. 
Fhl~ldly. II !1~1~ 11(!['11 ~llq~ll  Itl If, 1111111 evulV Inv, '  ;f' ~l ~lvell t!lttph K ct1~1 h~ 
tltltJllJ111h i~+,l+t+ hi1111chdd t:tt9+f I+r<t++~tql |',~ll ~11111t( iill !+# I't,l+~l[tlch.'tl I1+111~ 
jtdl lf l l l l i l l l t l lt  '~'i1111tt!(. I~+~.i~lillldllt~ ,~tllldll!~l~ tht~ ~11 ~loJlUlil~lhlled 1t~ht~ 11 
tlHIkh!l11111 III I I I~l lF ld~l~1i l~ l~r~lllillllllillll~h Wl I~ I I !  I l~ I!I~ Il l j] ldL I I I I~I]~P~ Ill ttlt ~ 
I:t1111 "llqlt~ I1t I~[ ti ~lllhll]i~t~ I I~e titl J~ 
Hi II1~, ~J11~11 JlIti:~VIII ~t~d IX, lh 1,1111 '111i~ d~fihdll*pn i, ~llllW, llJ~lll ~Jlll:~ wr: ~,'JII 
iii1t~,1 Ilht' II1 ~u~kqllJ IdllllJll~ I!11111 IllV1!li11~ I1tltll'~J I J l [ l l l t J  ~lllPIl i i l~l~ IIIll~J Il l t11t.! 
U'm~d r~llnhhl~llnrhfl w~lV. ~ ll~hlllil~ thill ~dl ~f l l~ in ~ ~r:ll~ll tti~ ql l~l lt~d ~111d Ihe 
!uFiIi til l will ,',mllllc tlq l~ll~e wi lh ii H~cili~- L')IIII[e !!1: t l l Jul l l t l t i l l l l  A l l  tllC wil l] 
J11111fll Vdllk~ I~ illld I~.'1"111Jlltll V~'IIL'!t I~ J~ wIJlI~I1 il'~ th~ L ~dc l~d IlllJf (lt~ II). I I  /(  ifi ~1 
) ! l~ph,  1hell ~/11~t, l f l /~  h ; l l ld l l~tKh  wi l l  I I 'p l~f~111 111~: w~le~ ~1,  ~d~c ~1, t111(] 
nl~ ,wl. rU~l~ecliw, l~ I 'm i, it iTil~ll]hl~l il l E(t~),  Ihe ~t,l,~,r~, ~lf ~,, WlJll~ll t, , i~ Ih~ 
r'lllJllJ' IlllllrJc!lll.'d e i l~  wj lh I11~ nppll~ll~ cll~lJcu if l  ¢lllellhhJl~11. AI I  Jlllh~ddJll~ ill I~ 
Iii it hUlltlCC ~J wI1! hi' '~'1111cl1 I ( IN I  Al l  hllh~ddl!11:~ [lie [IhNiIIIl(2d Ill h~ c~lluhlr 
Ij ,; i l ,  ~.~. Ill lJle hl lheddh ~!~ ~lr~: hnll lel l ITl~lphh ~il' fl~ell di~,k~fi llfld llll ~ltlpllf* tl1~ 
rl ~,tl1~lk'l] h~ hc Ihlil~." 
;,~ Iq ,'llc!I 1111111111211 hlfl l le~lll~ll lthlwlil ~ II11 II1 ~/ h~ I, Thl '  ,!1!11 f Ih 11 I'111t1~1 IIIld tile 
I!~.ld 'V '! hu IleJ~hhilllllll~d V I'~ L'll!J~:d ,111 I~IPIIIIfflIIIIIV Ill~jt41l/ll!lllr.~d, 
Ihnl I' I I~/ I  i~ ~! I!11J1~11 ~11 dl~jmni Up~ll ~[1~ Ill1 ~ll~h I~t ',vhl~'h I '; I~ Illl~nhll~l¢tlllv 
~'qlli~¢lll~lll hi Ih l  ~ c~1!11111~ 1111111  ' ' l ,  [111' ~l}11|~ th h l l :  ~ il ]l ldll l  II1 N 111111 V Jl~i 
eh'lll~*llh11v rl~qt~hhnl:hlltllh w~ ~lly ~ I*~ 11 Itfi1111'11 1111111 tf I I: I!i ~qllJ~ilh'llt tn ~", IIIll '
h¢tlltl ~ I1 I :  I I I I  ~ti11111~ ~h1111;111~111 t "~ 111 ~' ~t~/h ' l 'h~ I1[~J111t1~t ~ 11J' t~ II1 ~' h cl l l lqd tl 
r1111!~11 I~t~Jlll 111111 Ih  t llIIIIIllilIJ/y I~ lh~ 1/11111h~1 II l, 11' ~ t111~1 ~ 111~ 11111 hllltlld~ 
pnhll'h II Ih ~'11*~lly ~J~[i 111111 I/': 'l~, )/IIh~ ~:lll'dJnlllll,/ill' I '  I(.~z)) I~, ~qu111 I'; i i ' ~l YII, 
lind w~' d~'li11~: Ih~! Ihu~l't~l, u~ I' !~ h~: I!' I!~)], I'm IIii~, ~ iill i 11 ill l l l l l-l l pnhl l ,  
rl ~11 (ll~lJItt (l!l hlllll~'h~ll l-II'~'el~) I] : ~ ~ N,  t : I ,  ~, Itl'L ~ ~lllll tn he t'lt11,1111111111 J[ 
lilL'll: e~it~l,~ I! hllll~L'lllllllttlllhFll tl r /~/11 -e ~l! I~1!~711 1111 l~h  - 1~, 
,'~ !:l)lllJnli~)ll~ nnfl~ j:~d/ ~ N i~ ~:fi,I Ill h~ r , , Ih l l . r  wtttl il!ltpecl Ill 11 I,~lir ,~l 
~l l lp} l  i ]]%h(?L{LI] I I~ / f~ l~]  ~i I (N i  If f ' : * ,  II] K I / L~[  ~r '  l i ! ;qhw~l  I,~ (n l',~ h l  
'J'Jl~* l~ ' rm l .mi~,  ~r~ lh iq  [~+Ip(q wJJJ ;]I',, ,,,+~ Ili+'~irl [I+ ] ~t . I ~ i~'~ I / '~ " I ; ) (  ~' Jq 
h! l l r t !  ] ;  i l l  YYhl, h ~,'f~ ~,' ! ltt~f[tJ  I~ l l l l  h in,J1 It~.il l i q i l  !~rt l l~d , l l ty  ~vhl( tl 
II!t1~ f l ! l ,gd  I , i l l  h; ! l ! l ,~ i :h !  ~,~i 
I l i l  f £,.~1~1111111~ 11 !~ ' i~ l ib !  f l l t lb  ~' , '  [ ~ dL'I 'h l i!  Ih~ qh ,  ! q~ ~ HI ;l :~i~'ltr if lt! 
; I  II ' l l J l l  11 l l i j l , ] t .  ' I l l .  ~1~ ~t1'!]1 ];.  ' , ~, h f iW ,b~:d  ~,~lt~ l h t ' l L  ,h ,  ~ 
l (~ J ld~l j t l l l  l l i  ::., , ,! i  . , ; ~ ~, ~ n' ,1~ I l l  *1f / i'l it l l t t l l h th l l  
~l  11t21t111111~ ~,L'I 
~ , | ,  P' ,T~llnlt i lh F~':t' P i~ J I ! ;  ,: : !~1. h. l ~} lh I d ;~ {~ qht '  , I,~ 
~h~h h ~l 
~'(  []t~lJllJlV Wl'J!e Ii ' t h i t  ,'~ (,~ k ) ' J '~ / i l  ~!4t l l l l  l l l ' l j l t l )~  /t~l il l]tJ /~*: ~tt ( i  rlJl ~iC~h ,1~ I 
{~ I ~-' ' ~ , , -  ~:,,[ ',, i, ] l l t l l  I) ~!l i lh*d tli~ i'~;:H~!v ~lllt~llllt I) f r ln l i l l  ~ If~ ~.,, 
A JffJ¢I ~]~h!!ripJJtUI ,llj' r l l{ ~ pt~r l l lUt l l l J IH1 ~I; J~LI~ I: IHI! I IHlt J f i lU) I I ]  [tl' i'l ~i~.t*ri 
I1~ h l ,~ J~q K ht* II ~[~ph Hld  Jgl it:|~lK,) ~ff,, h~ I, r l l l l p  h i )n )  ~( ,~)  f l l  t lw  
hy hlit~ hJ~' ,L!l'i}llp ll~ [1L ' l l l~Ul l l l j ( l l lh  I)11 Ih{? If I~ l l~! l~ { ] ,  !, . , n), whtH~'  h ~ ~ql~'h ~li( 
i '~ Jq i~L  Pt~' I  P ' i t '  ). W~' c / r i l e  P~ h l l  P{ I ' )  III1{~ IC[UI  II) I" ilfl ~1 l i i t l i f i l l i l J lm 
II) U i I~zl'l/ 
I*: ha~e tla~fgmul'lll, The dvrhled ~,rllllh K I, in l I t : I f ! led iln l ' l l l l l lws :  
' / (K l , )  V (K)>, ( I ,  2 . . . . .  ~l}; E{Kt , )  - E (K)~: I I ,  2 . . . . .  ,}; 
i f  ~, ( . ,  ,,) is t i l l  i i i¢ (if K .  Ih l : l l  h', i i  ~; ( . ,  i h (~,  P , r ( i I I ,  i = I . . . .  m i ~' till l i e  i l l  
~ '  K~,), The  i ' cvcr~ (if (~,, i)  i~ (d . ~ , ( i ) ) ,  A l l  i~xl,.ll~!~!~ J+, t i l l  pli~l~ ?. 
N I Iw  (h : lh lc  ii l i l ; Ip  #], : K I, -~  K nil Ih i l l  [ i ,  n i l  I~n i >ll v++'rll,x {IL i )  Io  i~ ; i l ld  e i l ch  
c( ' l{l]  (e. i)  h ( in ic l l l T iO lph i t> i l l l y  I() ,, ~l/c {Ih~LIII]L the; < ipL~Sf~l'.7(.~s lh l :  l ) r i cP l i i t iO l lh  
i l i l  the cd l~n i , l ld  hi, l ice in ;O l l l J l l l J i l l l n .  The  fo l low i ,  c! in Tho~l r~m 1 in  l~>l. 
3,1. 'Jl]ll~,fireiil. {(il'~i~!~ ~lml "l'tlcl~,~l '~ Let K Iw (~ t4rfipll, ~fK. )~ S,, (I p l , l l l l z t la -  
l i , . i  coll{d4e ~l~i~l i l l l ( . i , l ' ,  {lllfl f], tile <+~rre~pmldi~!g map fr m, Ki, to ~(, 771~Lii (l~i', f~') 
iS (I f'fJ[ll>rill~=~ .~ll i l l  I' i l l  ]~l,', 
" l 'hl :  p l ' ( io f  h~l low~ I r t l l l e t l i a l c l7  ;'tom tkc  i )hsc,  v ld ion  Ih l t  [ l it '  ~lrl$ XCr'tiJn 
!1 ~ V(K)  Ihc  de~rt' .n (if (!~, #)c {s(I, ; l ,) .  i :  I . . . .  "l. :qual~, lh ;  d~i  re ;  ~=r i,, 
Ill lilts U~I,iII II'c~Itmur1! (+f covurillj +, ~,ptld¢~i, the +flg:br:~ic ~hi+ct ;i~+()cilm:~ whh ~i 
t!()vcl~ill~, si3Licc ,~ t[iI41~ll to tic ~i (:oi itl~ilcy cI~,~ ill ~ub~,rotlp~ of d=~ [tllld! IlliCIt|LIt 
~!l( lup ~,l l I l o  b;l~,¢ spl ice,  For  HJ,(l=Oll(! c( )vc 's ,  o 1(] ,n~uld :Is t:~lsi ly chI)I}r~c l he  
~flb~cbrnic object to bc ~in i3(]Lliv~i](~ilC(: ('l~is,, ~)~ Iioi l()]l~¢Iri~hisms fl'orll lhe Jtllliia- 
IllCllliIl ~rilul~ ildO ihL !iylllll!C|rii' ~r'*,tsp, i;, "I lli~ l'i!IIlli:~=i',hjl~i bclv, eCll ill( lwo b, 
lllill I]Ic <4 ibpro Jps HIc lhc ~fllljll~i~q 7 t.laL,~ It( isml ~py Stl]3~l'(lUpS A'II]l rc!,pccl Io 
Ibc actJ~)rl i)[ the ftliltIIiMICll tiI ~{]II]I ii11 I~IiL IllIlllbC 'S (I. 2 ..... II} Jll(ItlCE'd l~ly illly 
'd  Ibc ht}M1(I111(IiphJ!~II ~. A dc~criilti~m of thi,; l'Cilrlz: i.'IltIi|i(Iil ~,If ii c( vclJlli1 ,ijlItcc is 
vivcli b,,h,w. rh~! pitiful iti Illii~iI }[ thi' O|IhCiW[I{III]'IN IIFC HILI~iMC CXCrCI!~(!~I which 
h~lh>w (Iilwc11v in~nl v~e,11-ki=i}'.vtl fiicl~ [illi1tlt c(ivlzlJi)~ sl)ilc~:~ HIILJ II; lily 'i,,.q,lii',; vdll 
hv (mi i t l t 'd .  
I~'I I : M • ~ bc' iIii II ] OWL'I' W}ll.;~IJ N in II connected. I~c=flly I'ot111t*c iL(l. illid 
,,cmi-hi~';dly ~imply ¢liliiiL-cIuil *~11=1(:~', lvVt' Ii~,ntl111c l~<itI M i!i h~eiflly ~ZOlll1(~Ii'il~ bIJI 
not llCCt.'~nillily CIilIIIL'+:'II:(I [,('I II(N. x I - II hc tI1iJ LUllthilBe+HIlt ~I'+)ItI+ I l l  ,W J+li~i:d 
;~I ,i~i+!i~ , fniIll t., 'l'h[' tlUtI~ I illdUcc'!, ;I hlm1OlllO~'pllJ'~Iti f~: If(N. J ' )~ SI, ill the 
hfll~,wml~ ~VIW, I , l ! l  lh~' I~I'L'i IHgk", Id' x hi,. ~i . . . . .  x,,, I'=ir t~II 'h 'JIcIt~lll ,.~ H, we  
d~'Iim: I~("') I p,,) ~ folh~ ~', p,,,(1) / if the' Nil ul ;IIIy pIlth ill ol tel X~ t?llltill!ili.*~ 
;H X. ~hlc,.' hidnillopic p,ll ,~ Nit to JlIiP1tdilpic iIIitJii~, p., i,, ~¢:IbdL'I,nl;d i~nd I-I. 
hi'llVC ;I t}i'lllItllllIJllIl ill ,~,~, l'he liti~ll I) J'~ ~'ilsily ni~un tlt J~IL' It h(illl(iiltOl'plIif411h ~(IIC 
llhll thl- + ii~'linll ~II II Illl lit:! nut (xi,, , i ) i~ J~Illll~l'l~hii~' {It lhc ~wiiorl *~f II ¢in 
{I . . . . .  I t i  in lh lccd  hy  p, I I~' i l l '~,  lilt: h i i l l l i i l l l i i l ' ph in l l l  S i l l i l l l y  p r l tvk lc~ li COI1Y(-'IIJL'III 
w ly  i l l '  l lc~,cl ' ibi l l l4 t i le  i !¢t i i ! l l  *if I I  on lh0  f i l le r  liVl~l' X, 
N l i l e  Ih l i i  l i l t :  I I I l l / l i l t ' l '  (~l ~Ji'l!lll"l(ll)i]li(n i l l  rl/~ Cll l l  l )hn l ly  IlL! dt~lorl l i J l l~.'d I'~y III1 
J l l ' ,puct j l l ! l  I!f t i le  l iC l i l l l l  o f  I J{l l)  l l l l  ( I  . . . . .  I l l ,  I ,u t  I ,  X, i f  Jr, i l l l ( l  x I fll'l~ i l l  l ho  
~ii l i l l :  ¢l) i i l l~{]l~Uli l  i l l  ~/~ iml l  let t - - j  i l l hur~ in iu] ~14:nll~lll p~p( / I )  ~Llch th i i i  
17w ~um~tr . t~u ,~ ' ¢ mJe1~ I 
p( I )= j  Let R I  . . . . .  t4], tie Ih~ ,'iuh~,etk h rllH'titil l l l {l  . . . . .  n} i l l l d t r  IJ]q- + 
rehlt ion det|ncd ah lw~ ()n { i  . . . . .  n}, Now , - .~, if ~ml i ta ly if i J. Hence ti:er,. ~ 
ill'(~ S connected COlllp()llelltli M I . . . . .  3tl,, ~ f ~v/ c(ni't~hi)olltli l lg to lhl." ~>l~J: 
R I  . . . . .  It ,  where the iiel~,ree i l l  f rL ~riclcd ,'vf is 1171 
" lhc horl}clFnllrphistn p dc[ern l iqwd h 7 Ii pit ieldllr cover  i lh ~'+)1 [lilitlU~J, {11 f~lcl. 
J i; l~rll l i l ie,~ ~iii Oi i l ire e(lUiVliltlllCC el~l'~s i l l  ,m]( in l (} l th i fqf l ' ;  I1~; r(illclw~;, l ;cfhl , ;  
hi ilC)lYiorllhisrt]~; f; ilrld ~i Io h ,> equiwlleEIt ii 'here i~ ~l inyl'irlUt4liOll ir c i~,, ' t , :h  
Illli ~ re)l" every  m c- 11, ll,,, :~ fs li~%'r, N'.lw if f hldtlee~> ii ~iqd p i~; r~:lall!d to £ thell  ;, 
r0hi I .e l l lng or ti le ~iih~crlt~t~, <~f j ~(x) c l lus~ [' lo  induce D ('onvel~,lel. ', ~tlW 
rel~,hellinj~ elf the subscripts i;t!llNe!, ~ 1o i ltluel: i l l lothcr  ht~lil(illli)rllJli~l11 rchl lcd to 
¢J, We IlOW ol~;l'.rve lh~li two eCwel-~ which d(: i( . i 'mhlc Ihc ,iilliio u[i,;~> el 
hor i lom(/rphisn ls  are it lenlr~elw~ eql l iva lcn i ,  
[,el f :  M ~ N illliJ t~: l ,  -, I7 I)~ CiCerO0 II t'llVt'l'~ {illll ~tlJllltl'it~ f ~111(' I( ;lltlllCt~ 
eqLdwllc'nt homtnrltlrl~hi~inls p and ~, re~pecl lvc ly.  I .el J l  . . . .  , ~'. :ill(I z i ,  , z. 
lie !he l-,roirmll~CS (7~ x ill M al~d L, ;i i ld Silpl]o~;e IJi~ll c i . . . . .  s,, ; l ie the pr~'illl~!~t ><, 
of  x ill some coni iec' led cOm.llOileill (if /~, Sily M I , Then  the c×i~tence (if tr in ipl icc 
lh~l~ Z,.n~ . . . . .  z,,n,,~ are lhc t)reimllt~e~ (if x in ~f)Flle cOtlll~l)l]C li i l l  7. ~ay I .  !.el 
f~': I I fM i ,  x I) ~ I [  ~llllJ 14~ ! : I I ( L I ,  Z,, I h} + III he" lhc U>; J~l] lil(ll}l)111(llIlili~l11~, rlOlll 
the fundi lmenta l  l~rliep~ of  l i l t  co'¢crhl~ spaces. (Sec t t4, I), 154 I.I Nt~w wc hl ivc '  
{yf I I (M~< x~)) - f~'J ~ I I  I f,,,,f I ) - I I 
~t<,,, ul , ,  D,/rlI) I} 
-(,~,~fll,%frrti)j ,re I)} 
I f~ ' f l l ( L i ,  ; ,.<l~)). 
Hence  !lie eoveril l l~ sll l ices t!r7 etl,i valci l l ,  (5(to IFI, p, Is<ILl 
.%irnihu'ly+ ClllC £11ll %JlllW lhl l l  l ' l?r7 ill 11 I - I  ( 'orre!ipmld7l!¢c I~l't~l]l+tl th+' 
£llrrlpilllCllt~i of  M itlltl L t~il£1 lhi l l  the rc~ll ' iel ioi l~ tif  f {lllll R Ill cllrrc~illtllldhl!~ 
Cl)lflJll)lll?.lli½ l ife CqiliVtllc'ril eover~, 
(~lmvci'~,¢ly, i{ is <'~isilv ~ec'll Ihit l  e( lu iv i l le l i t  t'ltvc, f~ ct' lcft i i i l lc '  lhi '  ~lllli~ (Jq;livli l- 
eil i 'e t'~llql4 I l l  hcll l l i lr l lorl)hlsltl~, 
I f  wit lid / f  tl¢ lhc' ~i'l ill till tttlU!villcllt'e {'ltl~t'~ i l l  (Ic, l£ret + tt ei lveri l l j !  +,tl{it!e +, <if 
N, illllt i~ l i le ~tl~l i ' f  ull eqi l iVl l l t  i ve  elll'~i~!i ()l' i lOl l i i l l l l l i r l lhtl i lns ix ; I I  ". ,q,,, Ihl:'ll wl3 
tl~lvt~ I!~till~li,lhell li Io-1 Ini lp f 'o in  .'I' h l lo p~l, We wi l l  now (iJl~t,lV<! Ihl i l  ihi!, i i i! lp i,i 
l lt ' l i i l l l ly (l l l l l l  fill i l l  17' IIlIiill4 lln i~.l~ll!llf~lJ fht~Ol'¢lll I'llr ellvel'hll~ ~l)!l i l '  
I.c4 p I, I I (N ,  X) ~ S,, he l i l y  hillllOlliill'l~hJlilll frt~ln l i eN ,  x)  ti i  ,q. l 'r l) l/ I  ~llt.) 
e~itl¢lit~¢ 111el~rctil fill' ~:ov~rJf,~ hptlq +, {~, |l, 13.~ I ~dO klitlW Ihi i l  f l)r ~lnv i:thljtiL!. ,.y 
ihi i t  ?g - I fn ( / ! (M.  "q )) I Jr, ~. ! ~(x/I, 'i rii~ i~ !qtulvll lell l Ill lh~' ~il~llt, l i lel l l  till I for  l i l ly 
Ir l ln~ll lve 14rtlui~ ll(-lloll A ' , / l '× {1 . . . . .  n t + I I . . . . .  ~i}> tilers! c×l~.is ii t Ollll/~'t tiJf.l 
ii I c l )wr int4 ~pi, c~ (M,  f )  el N ~it~,:ll ihl l l  the ; letion ~lf l !  on / If x) is i ~i:~rl lhic 
I l l  the I-lrc-scleet~xl l lc l jon (if I !  on ( I  . . . . .  :Z}. Def ine  
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a~. fol!ows: for ~ If, i~{ i  . . . . .  n}. le: ~r. i : t;,,(i). The act ion of I I on {! . . . . .  n} 
delern l incd hv p may nol he m~nsitive. However .  if we ~et i ~-j i l  there is some 
member  ~- I1  ~ucl, Ihat p, . ( i ) - j ,  fllen 'this re la :  ,n ~arl i t ions 11 . . . . .  nl  into 
suh,;ct.~ R~ . . . .  R~. on ct~ct: of  which II now ~ets tl 7, rely. Usinl~ the existence 
Hleorenl. ch~v~e c~lwrinz spuee~ (M~, !'~) . . . . .  (M,. ' ueh that the action of 11 
~m f~ ~(~) is i,,ona~rldliC to ';he ;~ction .,.if if on R~, Tht  '!r ing sp:lce (M, +r), where 
M M~LJM~I  , , .UM.  i,nd [ ]M~=f~ ~l(~winduce~p 
We Slllqllll'll;~'~S iI]J I'~" (he above ill lhe f(~llowill~ |he(11"~,ilq, 
4.1,  ' t l l eorerh  Lel N u(, ~l r'on~leeted, locally romweled, d~ltl .~emi-loeally .,¢lmply 
crmllecled tol olugl,ral .,q [,~'e. 
I I )  If IA~,/'~) ,,rod IM,.]' ,) tire t'ot~erinl~ 'q~aees and i] t,~ t,~ml ¢~,, are 
Iimlttallf~r~lhi~.l'; J~ldu~ t,d hy f ~ t~nll 1.. respe'.'tillely. /heli the l.ol~er,.; 1~ aad ]', are 
ellidtvdl,l~t i[ and o~dy i, r Ih illld p~ are eq,i,lllel~t 
(2} f] l~ is ++I+y hoo~mnt~rlltlislll ¢~: l f{N)-*  S,,, the,If there i,~ {I Clll~eritiR space 
IM, ¢) f,f N ~l+l'h Ill¢tt p iS illdt~¢'ed hy f, 
13~ let  (M, j') he t~ ell+~eri+lg ,.qlaee o1' N with an indt~eed hOttllllltOrphi,~ttl I l Let 
]~  . . . .  I¢, he the" +.h+et', whic+i partition {l . . . . .  n} ullder Itle at'lion o[ p(l l )  +l+l 
1 . . . . .  a } Then itlere tire ~, con~lecled i'Ollll~Olle~lls Mi . . . . .  M,, rlf M t'orrespollditl R
r. R .  . . . .  R, where the degree o] 1' re.+trtt'te'd to M+ is IR+I. 
5, Al l  i|l ler[irelzqtiol] of  ihe perlla~ltag|oll voltfll~*~ ilssil~z|menl 
il) I J I i  ~','Ii(HI thL' pUl'lllllt,ItJ(lll VOItI~C ~IMiJ~/lltlt~ll[ 011 a j~I'!iph K J~ viewed I~ a 
IIIU~IIlS l)[ th'!!lhll~ a hiall(llllill'J~JlJsrll l J : f I /K ) -~.~, I  , I .cl  K lie a ~raph ElrlkJ 
P:l'~(++~) + ,~,, ~1 It"lmlll~lli(UI V()Jt~lj~+,. ' aE~il~lllllgilt, (~hoost! It ver lex t>~ V(K)  lind 
~t'l<2ct g(!llel~lt!}l'rl it+ I . . . . .  t~, fff I I (K, e} hy selecti l lg a ipatlllllll~ tree T a~ tie- 
!,crihcd u;trli~:z I.ct ~'1 . . . . .  ', h~.' ;h i  + edKes, e, in ~;+~, ill the e~mlplenlent of '/', No le  
tirol il i / L Ih,_'a e, i'~ not all ed.~,+: ill %. I;~lt' each i, let P, be the product (if the 
IIt.+lrllUhllJ, lllS <lakt:11 hi ort ler) ()11 |tie ed~c'~ i11 the chlsed walk ~,, Herlce for any i, 
i I . . . .  r, Ihc lifl ~ff ¢r~ kt (i~, k) ie. K~, lernl i iai les at (v, j) if and t)nly if Pj(k) = J, 
IIi Itlll{'r wlll'd% if I~ is tile holl~.:'.ll(lrphJ~m in~.luced hv the CllnstrllCted co~'2r 
(Ke. ll,), Ih~:~l p(*¢,} P, Illl~.i II(],I(K, t))) eqllaJS tile gt'olljl I~ellel'atetl by the 
I )+drlllHt~lll(H1S Pl . . . . .  P,, |l(:llCC the' iiunlJ3er (1[ c(imponetltS ill I~p (71111 be dett~r- 
ininl'd (a'+ ill 4.1 (3]I by ob~;utvhlg tile action of this !~zeup oll (I . . . . .  n}, 
|qtrth,~'rnai)rc, if w(: Icfinc :tlll)thel" pt~I'lllt~Elli(Itl tlP+,,SJgllIllell( P ' :E (K) - . ,% I W 
dclhain,~ P'le, i 1~,, i I . . . . .  r, and P(e)-- I, (the identity in S.) ,  f(lr el+ E(7  ~. 
then Ihc hllm~ml~lrph~nl p: indttccd hy (Kp,, re') is exactly the '+nine i~s p. ]-Ien¢'e 
(11C CI)vcIil I~ SpIIIjCS IH'i2 t:(ll:JY~IJell| aiii.l /('r' aqd Kx,, [ire JlOl/1~'tlll~orphic, ~e  
!,lll]il"lIIrize v,/Jth ~he ['()JJov4itl~ Ihcor,+'rn, 
.~;.I. ' l '~eoreln, f.et K he a p.rnph wilh permutation vollaRe asslgnmefH P:/S(K)- . , ' ,  
S. Le! a~,. . . .e+, be generaors lop I / ( tLv ]  for e,~y t~-V(K) ,  a+:d let P+, 
i = : . . . . .  r, be /he  product *,~( t}e per+, 'ttatiou, ,n a+. Let (P, . . . . .  P,) he t+'+' ~:ro+q, 
ge~er,.lted by [+~ . . . .  . P,. 
( l)  The gmpll ~ ,  can be co~struc¢ed (up l~ "~ homevmorplffsm) rising at iHott r 
norl-ldentily petrol,rations. 
(2) The nurtlber of connected ," .npontnts hi K~, equal~ ~!:,-, mmlbc,' c f  e~lt;~vatence 
c/a~,ses in {I . . . . .  n} induced f~g t~e actiot~ o[ (P~ . . . .  F,) on {] . . . .  r}. I .  
par;icular, Kt, is connected if at~d only If {P~ . . . .  P,) acl~ tra~lsiti~el7 on { [ . . . . .  ~l}, 
5.1~, l~,~li~le- This ~xl|lllpi~ Jlhlsli'al~:s ~Inw to coltrilrHcl lh~" ~ ~ vcrillg gl'aph I !ihl}~ 
[11 MI(ISI I' tlon-kk;lldly l)l.:Fll~ll|~l!i(111~i. The ptCf01111aliilll vI!lllli~,{: i~,'dI£11nlcIN~ P illltl 
P' bulow m'c defined by Iktinlz the pei~tillltlllil)llS adiac, cHl Io lhc. ~xl~v~, Si!c l,i}~. 2 
", A ,,.,L,? ::, : . . . .  
I 
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g,3. Example. See Fig. 3. 
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The e.ltdvalencc las'~es in {I, 2.3} arc the sets { I. 3} and {2}. Hence KI, o,n~i.-;ts 
of Iwo componelllS, one a 2--1 cover of K and the other a homcomorph of K. 
6, imhedd lng  ~scher;les 
The con!;tructlon of lhe covers in the next see:ion makes use of imbedding 
schemes for ~,taphs. Since the ~chemes we use to uefine imbeddings in mmorlenta-  
Fie surlact:!~ are relatively new, ~ brief description it given her~;. 
It is v, ell known that any imt edding of a graph K in an orientable surface can 
he dcserihed by means ill a permutation a~;signment (an Edmonds '  scheme; In the 
~cltices of K where the perllltllation at tL P,, is cyclic on the edges incident with  t:, 
!,w [Hli. At] extension of this set-tree which im lodes imbeddings h3 nonarientable 
sullaccs i~ described hi [I l- [71. and [D l, and i~ discussed below. 
Let K I'~' ~ izraph and P,, e e V(K),  be a ~yclie permutation of the orienlcd 
edge ~, tcrlnhlalhlg at I I.el A be any map from E(KI  into the set {-1, I}. Edges e 
whole A(e):: I are said lu be s{ale ira, serving and edges where Ate) 1 are state 
Ie['ersmg. DefillC a pcrmuI lliHll l" on F,,(K}x'[ 1. I} till flllh)ws. For t' -- (U, [') tll]d 
I '{{( ' . !~))  : l I P ;  ^~"'(t')) , s  Ale)) 
An i.,:,p,:clion ,ff the ~lrhilq uf  I" reveals that Ihe ,,rbil!~ oc :nr  in pairs:  i.kl.* if 
Ida. s,L hL.  ~,) . . . .  Ld,,. s,,,) are elenlellt,~ hi ~,mlk, nrbit uf F. then 
hi . . .  s. ~ . . . .  ld , .  s~l ~re ;ll~t~ the ed~e~ o~ *m orbi t .  I ' i ' l l l~ nb~elV ld lmt  ], 
] t'lllm:l 1 ill iUl) ":~,led tqle olhi l  fllllll ellt'h pah tllid hdxq Ihc edgc.~ uf an 
Of ,Hh  i l l  i.ll3i~;ll I l i i l e l .  wl l J l  t i le eil~e.i i l i  t i le H IH I .  Id~ti l l lL/  II-i~ edRc~ HI the 
p.dv,XOll~ i l l  !l~l.. tl.~tl!~J wItV h; ohh lh l  tl ~tll'hi¢¢. No le  lJ ltl l  ~l' }~(~'t -~ I lot  [tll 
,,, F l l~  1. thi,, ,,{h~m~: pmduce~. !he , lmm Imhe0dh l~ n~ thv I "d lmnld , '  ~uh¢~lt~ whh 
ihl. tqhllhlltq ~1. 1'~ ~ ' [~ l  
I I1~' IIC'q l l lUpO~l iOh Wilt ~ho~ ho~ to tl~t~ti31hlt~ wi lP lh~l:  llte~ ~UI;I~ttL'e l~)!}. 
d lwt 'd  hv 1111 *l l lh~fidinl~ ~ 'hmlk .  i~ m:k;ntl l l~l~ t i t  lh l l .  I.{'1 I~: I~  II ~rt l l l l i  WilT' fill 
,mi~¢!idh~l~ , {hvm{, IP,, ~,~ VIKI', ,, l lql<l , { l, [}}r 
6.11. Fropos[t iom The following are equl'a, nt. 
i1) The iml~e:JditU: of K git:e~ ,.y (P .  i~ i,i a~z arienta~de ~urface. 
(2) Euery cy, ie in K has an ( re ,  hum er of revetsi;ig edges. 
(3~ Euery mr, tuber off / / (X,  t~i. at y ~.~ qK)  ha~ an epe!l number of reuer.s'ing 
edge;. 
(4} Eeery gt'~zerator off Et 'ff , t~) (tot any choice ~pf generati~lg set) ha~ a~l et~en 
numl,er of' ret~ersing edges. 
Tl 'z equivakmce of ( I )  and (2) is Theor,_.m 5 in [9[ The  cqui~ale:,cc .if (2L 
(31. and (~,) is clear. 
Note. By the n,amher cf revers ing edges in .  closed walk.  wc mean the number  ,'I 
t im(s reversing edges appear  as the walk  i-~ traversed.  One  edge may be c:)unled 
several times. ;'he fol lowing example i l lustrates. 
6.2.  E lampleo Suppose we have an imbedding scheme for the .~raph h l()w ( , :e  
Fig. 4) whcrt, lhe 7otations on the vert ices are arbitrary and the set oi revers ing 
cd~.es :s {a. c. d}. 
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Choose a sparning tree with edges {a, e. b, f}. qhen a generating ~et for the 
fundamental  group based at e is: oq=afge a ~2=b~e a : .~=ach . Fhe 
reversing edge a appears twice in ~1. once as i1 and one:  as o . Gent , rater  tve 
contains revers ing edges d and a all(t c~ contHillS reversing: edge!~ . and ,:. Hence 
every generator  contains all even mn.,zber of revers ing edges. By c(uldit ion {4) In 
the p lev iou;  theorem, lhe imbedding is in an or ien lable  ~,urfacc. 
Altcrn~dively. ,~i:e could or, selVe that the set {a, c, d} is a mlrlim~,~ ,'utseL Her:co 
e'+erV cycle in the {2rllph Ii~tlst cqultlil l tilt evclt llllillPler ,it etlge<i fro I ;]ti<~ et Thtl,~ 
tile h~lbedding is hi all orielltt lb:? stir[ace by cl~lldttiotl (2?. 
% Co.~tr~¢llo. o! heritage ~o~e,.~ wli|l i lerg.ultlfl.. ,~lll|ill~,e i~'~lf~lt, aetll~ 
II i'~ ~howtl lil It}} thtll if a t~iulph I'~ i'~ h l lhedded II1 fl ~tlthlI:C N, 11 ~(J'~ ~ " ,~. i~ 
t~ pClql}[lt}l|i( 1141 V(}lt[l~e tls~]~lllllelt|, gild (/<1, Ii,) ~.lle d :'ll~,{!d c! ~.,cl'J:, d ql~lc~: of I(, 
!I~,.tl [~l, ~'tlli tie [lt i l lcdded ill (i ~tllfBt'~ /~] !~(1 [ll~lI ft, ~.~ll2fl{l~ q) ~t !'tqH|t*hetl 
C,t~,~lil:*~ ~l~fll} A/I tit N A ~Olll~)w}l~il l ll[¢l't'll{ iH m[ i'~ }~iveil h th ;v  tl~a![}~ ih¢ 
h11beddhIy. 'whi'llleq d~Wl'!hed I9 lib.' l}l(*VlOllr~ ,~eCqOlh ThF Ul~m t Itelhc! ~,,IIll lhc 
l it t ' l . ,  E 'e~ 
previou~ proposition allows om~ to determine the orientabilit3 of M by an 
inspection of the rover,ring edges in K. 
Let K be a graph, P E(K)  - .  S. a permut~tion voltage assignn.ent, ~md (Kp, f . )  
the ~c~ulting covering space, Suppose K(N) is a~ imbedding of A" in a !~urface N 
wi~h imbedding scheme (P,,, ,~). Let D be an o, :eqted ~'e.ce boundary in K(N).  (If 
N is nonorientable, assign orientations to face ;:: dalies arbitrarily.) Let 8(D) 
be a product of permutations carried by the , in K ~aken in the positive 
direction. Suppose 8(D) has s cycles of lengths , l,. 
7.1, Theorem (Gross and Tucker, [61). Ther~ is an , nhedding of Ke in a sui'face 
M such that: 
,'l) The map fv.  K j .~  K extends to a cellular branched cotter b-~, :Kp(M) -~ 
K,N)  of, degree n, 
~2) T~te set Fe~(D) consists of s circuits of lengths m , l~, m . 12 . . . . .  m • !~, where 
m is the number of edges in D. 
(3) l f  ,~i(D) is not the identity, then the f,ace botmded by D has exactly on¢ branch 
point y a id the multiplicities at points i~'~ Fet(y) are l~ - l, I~- 1 . . . . . .  l~ - 1. 
(4) [l' ~3(D) is the idenlity, there is ao branch poi!!t in the ~ace bounded by D. 
Proof. The imbedding of Kr, in ~4 is ~btai~ed by lifting the imbedding scheme 
(P~, h) on K to Kr, a~, follows. If P~,, v in V(K), is the permutation (et, e2 . . . .  e~), 
define Pc~,,~, J = 1, 2 . . . . .  n, to be ((- i), (e> ,/} . . . . .  (e.  j)). Declare edges in Kp to 
be preserving (reversing) if t~y  cover preserving (reversing) edges in K. Let Fr, 
be the permutation on the set E(Ke)~{1, - l}  induced by the lifted scheme and 
let M be the surface produced I,y this scheme. 
N~w ~onsider the circuit D in K(N) with edges d> d: . . . . .  d.,. To simplify the 
wrhm~,, le* P(d,}= % and define a(D)~ lr,,,rr,,,_~... ",r~. Let 8(D) have cycles as 
pictured bc ~ow. 
6(D) (u,. ~u . . . . .  m,)(13,, ~ . . . . .  /30 '  " " (3q, 3'2 . . . . .  3"0 
It follc~ws from the d,'.finilion of the graph cover (Ke, f )  that the edges in fe~(D) 
are tb, e ones pictured in Fig. 5 below. 
An easy check o? all possible situations shows that if F(d i ) -d i~,  then 
Fp(dr rri t " "  7r~(c~k))= (di+t, 'tr~... ~'rt(c~k)) where addition on tile subscrivts is 
rood m. The same re!mR holds for the remaining cycles, 13 through 3'- I-ience the 
edges in fi;~(D) are iadeed face boundaries in Kr,(M) as suggested in Fig. 5. The 
map fe is extended to the interior of the disks in the obvious a,ay to obtain Fe. 
properties (2), (3). ~:~d (4) are clear. 
"/.2. "l~heorem. Let K.(N) be a~z imbedding of a graph K in ~! surface N witl', 
inlla'ddi~lg scheme (P~,, A) and permutation voltage assignment P. Let (Kp(M), F e) 
be the forresponding branched covering space. 
(tt  I~ P~ . . . . .  P, are the permutations carried by the generatgrs 9f, l l (K ) ,  then the 
, L , . _L . , .  , ,  ,~ *~2f~r  - m- ..~a~..~_l,, :
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n:lmber of connected componenr:~ in N equals the nu~Iber o.f equivc' .ice classes in 
{! . . . . .  n} induced by th,r actioJ, of (P,  . . . . .  P~) on {I . . . . . .  n}. 
(2) Let v • V(K) and let (v, ]) be a preimage of v in some component K'.(:'.¢" of 
K,,,(M). Let ]~ : H(K'p, (t,, 1))-> H(K, v) he the ¢~suat monomorl:hism 5etlve:c, the 
fundamental groups of the graphs Then M' is orientable if and only il each path in 
fi~,(Fl(Kp, (v,j)) has an even nur,.ber of reversin~¢ edges. 
Proof .  (1) Th is  par t  fo l lows immedia te ly  f rom 5.1 (2) s ince each cot ~ponent of M 
is const ructed  by def in ing an imbedd ing  scheme on some component  of g . .  Hence  
t fc  number  o:' components  in Np equa ls  the number  of componer  :s in /~i. 
IN t ' l  ,~r trl/ 
t2) By 4. I, M' is or[eatable if and only if each ntentffer of II(KI,, to, j)) lies an 
cten  ntll/ ihcr ul rl2vel'SJllg edges. Since rcversi l lg ed~t~s ill K fire covered by 
reversir~g edges in Kl,, Ihen t~ ~: H(K~,,(t~, it) ha', a,I even number of reveising 
edges if an,, only if f f~ta~ II(K, t,I hats an ev ~ mlmbcr  and the result follows. 
The abov,~ theorem is obviously more useful ilowillg that a covering sulf;ice 
is uollorienlablc Ihan ill ~howing one is oriental illce to show nonorient~4fility 
il suffices to lind i,nly one path with an odd numol: ( reversing edges. The palh~ 
in f 't l l(K~,, (v: [)1 arc not difficult to locate since eac ,  one is a closed walk which 
lifts to '~ circlet w l lk  ill (v, j~ in K~,. Hence a path ~ i~, in f#(H(Kl , , (v, j ) )  if and 
only if Ihe plo,Juct of the p~rmutations on t~ fixes j. 
The fnll~wina c~,r~l;!ary is sometimes more useful than the previous theorem m 
dcterminir~p th.3 conncctedn¢'ss aud orientabil ity of the covering surface. 
7.3. Co]rofiary. Let K{N) and K~,(M) be a~, i!i 7.2. 
l i I If Ill? f ,~:(lllt'l Oj the t'oituges on any cytle C of K is a cyclic permutation, then 
K I, (al~d he~v.'e MI is connected. 
12) Suf~pn~e M is connected, Ij' ihere is a cycle C in K with an odd nu nber ,~f 
rerervirg edges and if the product ~'l the voltages on C, P,., has a (ycle of c, od 
length, then M is mmorientable. 
ProoL (1) Any cycle C may be cho ,en as a gcnerator of rr(K, v), for any v in C. 
by -;electing a spanning tree conlaini ,g all but one edge in C. If Pc = P~ is a cyclic 
permutation then the group (Pt . . . .  P;) generated by the permutat ions carried 
by the generators of If(K, r) acts tiansitively on {l . . . . .  n}. 
/21 Lel ( '  contain an odd number (say t) of leversitlg edges. Let the product of 
the. voltage, ~rl C be a permutat ion with a cycle ( j . /  ~- 1 . . . .  j + k) of odd length. 
Fc, r %cm]e vertex r in C choose a spMlning tree so that C is a generator of 
l i l y  tq. Let C k be the chased walk obtained by bc~zinning at v and traversillg C 
k ti ~ies, Now t -k contain,, kt tan :~dd number of~ reversin~z ed~ze~. Also, Ck~ -
f;Ii2(Kp. I(c, ))1 since the product (if the voltages on C ~ fixes j. 
7.4, Exam~,le. See Fig. 6. Imbedding data: A(a)= A(c)= A(d) -  A (g ) -A(h) -  i .  
h (h t -h (e )  = Aft)= h( i ) -  l, Let t!le a~qgnmcnt of rotations to the vertices be 
arbitrary. Vohage assiI4flrrlet~t: 3 (a ) -  P(b)=(1234):  P(c)= P(i)= (123)(47; 
P (h l -  134): P(f) - PId) = P(e) -  P ( : )  = I. 
The covering surfate is connecte~ since the: product of the permutatior/s ou tfie 
cycle ih , P( i ) .  P(h ) - (1243) ,  is :ycfic. The covering surface is nonoricntable 
since the cycle cba has one rew:rsing edge (edge b) and the product of the 
pernlutatious, P{c). Pfb)-  P(a ) -  (123)(4), ha,~ a ,ycle of odd length. 
'We row observe that any finite-to-one branched cover can be ~-~onstructed as in 
the proof of 7.1. Any n 1 branched c~ver F :M~N induces a permutation 
tllt, lollltt t~tlotlot,t,?7 I ( 
r, 
" " *d  
' c / /  
F ig ,  
ass ignment P :  E (K)~ S,, on any graph K cel lular ly imbedded in N. l-~r each 
vertex v c V (K ,  label tbc pre images of v, (v, 1) . . . . .  (v, n ) [f e = (u, c) is a n ed~,e 
of K, define F.,?i)=j if the lift of e to (u, i )  tcrmirlates at (c,j). 
7.5. Theorem,  Let F :M~N he ml n 1 bra~!ched cover, l e t  K (N!  hc a;l 
imbedding era  graph K in N where each cell contains at most one bra~tch point per 
celt and let P:E(K)~ S. be the iuduced perlnutatian voltage assignment. The~ the 
corer F e :Mp-~ N induced oy P is equivalent o F. 
Prt~ef. Excise the branch points in N and their  pre images  in M and Mr. fo obta in 
punctured surfaces N',  M ' ,  and M;., and (unbranched),- 'over!;  F '  and F'e. l e t  
a~ . . . . .  a,  be the gene lators  of 1 [(N', v), for any v ~ V(K) .  Since K(N)  i!; eel luiar 
with at most one branch point -~er cell, we may assume that each path o, is a 
gra,:h path ( i .e closed walk) in ~. From tire definit ion of P and the construct ion 
of IMe, Fp), we see that  both F'  ~md F~. induce the ,.ame l -ermutat ion on % That  
is, the homomorph isms p and t~, corresponding to the covering spaces (M'. F'~ 
ant  (M't,, F'e), ;espc~tively.  agree on the generators  of l l(e,l ,  c) and hence t) - or,. 
By  4.1 (1), the covering spaces (M' ,  F')  and (M~, ,c~,) are equivalent.  Rep lac ing 
the excised points and extending F'  and FI, to recover F and Fp yields the desired 
resu[t, 
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